A theoretical prediction for the formation of dust-Alfve´nic
Structure and dynamics of Saturn's rings continue to present surprises and challenges to celestial mechanics. The first surprise came in October 1980 when Voyager 1 sped passed Saturn and sent back lots of information and images, including pictures of mysterious dark spokes [1] sweeping around Saturn's B-ring. The observations from Voyager 1 revealed that the structure and dynamics of Saturn's rings are mainly dominated by charged dust particles. It has also been proposed that the spokes might be charged dust and sculpted by electrostatic forces, and that the electrostatic repulsion between charged dust particles and the boulders would raise trails of the dust particles [2] . The CASSINI spacecraft, which will go into orbit around Saturn on July 1, 2004, promises to yield even more detailed information on Saturn's rings. Since a direct probing of Saturn's dense rings is not practically possible due to the danger of collisions, we must resort remote sensing to investigate the physical conditions within such dense rings. We can do this by stellar occultation measurements, or through observations of absorption of high-energy particles or radio-waves or of light scattering by dust particles at different angles. Recently, it has been proposed that observations of Mach cones in dusty plasmas [3] [4] [5] might play an interesting role as potential diagnosis method, since they can be directly viewed from outside Saturn's dusty rings, and can be used for deducing information regarding the physical state of the ambient dusty plasma. Mach cones are cone or V-shaped disturbances formed by an object moving with a supersonic speed in a dispersive medium. The formation of Mach cones is well known in gases. These are produced, for example, by bullets and supersonic jet planes in gases. The disturbances produced by ships in water, which are formed behind ships in deep water and are known as the ''Kelvin wedge'', have shapes similar to Mach cones. Mach cones also occur in solid matter, particularly in rock as an interesting seismological phenomenon in which sound waves traveling in a liquid-filled bore hole moves faster than the sound speed in the surrounding rock.
To examine whether Mach cones are formed in dusty plasmas at Saturn's rings, where big boulders move at the Keplerian velocity and smaller dust particles move at slightly different velocity due to the Lorenz force, we estimate the phase speed V p ¼ !=k of the perturbation mode, which is prominent among the existing wave modes of Saturn's system, and the relative speed V d of charged dust particles.
We predict that for parameters corresponding to Saturn's rings [6] [7] [8] [9] :
À3 (where B 0 is the magnitude of the magnetic field strength on the planetary equator, T i is the ion temperature, Z d is the number of electrons residing on the dust grain surface, r d is the dust grain radius, and n d is the dust particle number density), dust-hydromagnetic waves defined by
; is the angle between the directions of the wavevector and the magnetic field,
is the dust-Alfve´n speed, m d is the dust mass, l i ¼ c=! pi is the ion skin depth, c is the speed of light and ! pi is the ion plasma frequency] are more prominent than any other waves. The mode !=k ¼ V Ã A cos represents shear dust-Alfve´n waves modified by the effect of the ion-skin depth which decreases their phase speed by the factor ð1 þ k 2 l 2 i Þ 1=2 : On the other hand, the mode ! ¼ ½V
with þðÀÞ sign represents the dispersion relation for fast (slow) dust-hydromagnetic waves modified by the effects of the ion-skin depth and obliqueness. One can check that for plasma parameters corresponding to Saturn's rings,
À5 : This means that the perturbation waves that may exist in Saturn's rings are not dust-acoustic, but are dust-magnetoacoustic in which the magnetic pressure gives rise to a restoring force and the dust mass density provides the inertia. Therefore, in Saturn's dense rings, if Mach cones are formed, they should be formed by dustmagnetoacoustic waves, but not by dust-acoustic waves.
We consider the motion of a negatively charged dust particle in a field which includes Keplerian gravity, corotating planetary magnetic field (taken to be an aligned centered dipole) with concomitant induced electric field. We neglect here the radiation pressure, plasma drag, planetary oblateness, charge fluctuations, and collective effects. The dynamics of such a negatively charged dust particle is governed by the combined gravitational, magnetic, and electric forces [6] [7] [8] [9] . We assume that the planetary magnetic field B p is dipolar with the dipole
; ! cd and k are the dust cyclotron and Kepler frequencies both evaluated at a point on the planetary equator, and p is the planetary spin rate), which are quite appropriate for Saturn's rings [6] [7] [8] [9] : R p ¼ 60300 km; r ¼ 7; M p ¼ 5:688 Â 10 26 kg; and p ¼ 1:691 Â 10 À4 rad/s. The dust particle relative velocity can there be expressed in a simple form as [3, 6, 8] 
2 : Mach cones associated with the shear dust-Alfve´n or fast/slow dust-magnetosonic waves will be formed if the dust particle relative speed V d is larger than the wave phase speed V p ¼ !=k; i.e., V d =V p > 1: If this condition is satisfied, the Mach cone opening angle is given by
We have numerically analyzed V d =V p for typical plasma parameters corresponding to Saturn's rings [6] [7] [8] [9] , and have found that Mach cones are formed by shear dust-Alfve´n waves of wavelength $ 7 km or less when ¼ 85
; and by slow dust-magnetosonic waves of any wavelength [without the upper bound on the wavelength]. We have also found that the upper bound on the wavelength of the shear dust-Alfve´n waves by which Mach cones are formed increases as we increase their propagation angle : The phase speed of the fast dustmagnetosonic waves is found to be greater than V d ; i.e., Mach cones cannot be formed by fast dust-magnetosonic waves. Furthermore, we have found that the Mach cone opening angle decreases with increasing propagation angle of both the shear dust-Alfve´n and slow dustmagnetosonic waves. Physically, Mach cones arise due to the constructive interference of dispersive dust-hydromagnetic waves in dust-ion plasmas of Saturn's dense rings. We expect that the NASA/ESA space probe CASSINI can make direct observations of the dust-hydromagnetic modes and associated Mach cones that have been predicted herein.
